Abstract. Primes in the two complete associative normed division algebras C and H have affinities with structures seen in the standard model of particle physics. On the integers in the two algebras, there are two equivalence relations: a strong one, related to a U (1) and SU (3) symmetry allowing to permute and switch signs of the coordinates of the integers, as well as a weak relation with origins from units U (1), SU (2) in the algebra. Weak equivalence classes within the strong equivalence classes of odd primes in C case relate to leptons, the inert ones being neutrino like, and the split ones resembling electron-positron pairs. In the H case, for odd primes, the equivalence classes come in groups of two or three, leading to a caricature of hadrons featuring either mesons built by a quark pair or then baryons obtained by quark triplets. We can now list for every rational prime p all these particles and attach fractional charges to its constituents.
1. Introduction 1.1. When experimenting with primes in division algebras, an affinity of primes in C and H with the structure in the standard model of particle physics emerged: primes in C resemble leptons, while equivalence classes of primes in H have Hadron like features [18] . In C, where besides the ramified Gaussian primes of norm 2 like 1 + i, two other type of primes exist, there is a lepton structure: in C we see cartoon versions of neutrini as well as electron-positron pairs. In H, where besides the ramified primes above p = 2, only one type of primes exists, modulo U (3) gauge transformations, the structure of SU (2)-equivalence classes appear to be 'hadrons": there are either mesons or baryons, where the individual elements of the equivalence classes resemble quarks.
1.2. The algebras C, H are naturally distinguished as these two are the only complete associative normed division algebras. Not only the unit spheres U (1), SU (2) of in C, H but also the Lie group SU (3) acts on spheres in H by diffeomorphisms rotating three complex planes hinged together at the real axes. This non-linear action allows to implement more symmetries or extend any quantum dynamics from C to H valued fields. These symmetries lead to finite norm preserving group actions on quaternion integers and can be implemented without mentioning Lie groups: the weak equivalence is obtained by using multiplication by units in H; the strong symmetries on integers (a, b, c, d) in H is generated by the 24 permutations or sign changes. Obviously this can be realized using both rotations or reflections in U (1) or then by permutations and sign changes in the space components (b, c, d) of the quaternion. The upshot is that every integer has a strong equivalence class (a, b, c, d) with non-negative entries where a ≤ b ≤ c ≤ d. If we look at weak equivalence classes in such integer classes, the result is that each class has either one, two or three elements, where the case with one element only happens if N (a, b, c, d) = 2.
1.3. The fact that the major gauge groups of the standard model appear as symmetries in H suggests to look at quaternion quantum mechanics, where waves are H-valued. Such a physics could be realized by looking at quaternion valued wave equations developed by Fueter [11] who also noticed that the Dirac equation in quaternion analysis plays the role of the Cauchy-Riemann differential equations. Alternatively, one can extend linear or nonlinear wave evolutions from C-valued fields in sub planes to quaternion-valued fields: just evolve simultaneously the classical waves on planes spanned by 1 and one of the spacial units like i, j, k in H. If L is any self-adjoint Hamiltonian operator, then instead of quantum dynamics ψ(t) = exp(iLt)ψ for a wave ψ = (a/ √ 3, b), one can consider two other waves φ = (a/ √ 3, c), θ = (a/ √ 3, d) and evolve all simultaneously using (ψ, φ, θ) = i(Lψ, Lφ, Lθ). This assures that C = |ψ(t)| 2 + |φ(t)| 2 + |θ(t)| 2 stays invariant. The three evolutions can be merged together to a quaternion with this norm C = N (a, b, c, d) by putting b(t) = Im(ψ(t)), c(t) = Im(φ(t)), d(t) = Im(θ(t)) and a(t) = σ|(ψ, φ, θ)| with sign σ chosen so that (a, b, c, d) → (a(t), b(t), c(t), d(t)) has positive Jacobean. This assures that N (a, b, c, d) = a 2 + b 2 + c 2 + d 2 is time invariant. The second equivalence relation, the SU (2) symmetry comes from the CayleyDickson picture expressing (a, b, c, d) as a pair of two complex numbers z = a + ib, w = c + id for which |z| 2 + |w| 2 = N (a, b, c, d) = det(A) with the complex matrix A built by Pauli matrices. These weak symmetries on (z, w) can be implemented as determinant preserving unitary 2 × 2 matrices and so by elements in SU (2) . Obviously, the weak and strong equivalence classes are different. Looking at both together in H gives the Hadron structure on primes. This amusing fact is is pure finite combinatorics.
1.4. One can ask now why number theory should matter in quantum dynamics, as a random quaternion is almost surely never an integer. One can look however at the dynamics on a "geometry", a space X with exterior derivative and measure µ, where one classically evolves waves in L 2 (X, µ, C), moving according to some dynamics in the Hilbert space L 2 (X, µ, H) with norm ||Ψ|| 2 = X N (Ψ(x)) dµ(x). The quaternion quantum evolution preserves this norm but at individual points x, the wave amplitude changes. Gauge symmetry now can render integers relevant: if a wave amplitude reaches integer arithmetic H norm N (Ψ(t)) at some point, the wave value Ψ(t) can be gauged within the gauge groups to become H-integer valued at this point. Its prime factorization structure features now particles at this point. The switch of factorizations could now be seen as particle processes in which Fermions = odd primes exchange vector gauge bosons = units or ramified primes = neutral bosons. Unit migration is an exchange of bosons and recombination is particle pair creation or annihilation, mending in some way also the particle-wave duality conundrum.
1.5. This picture most certainly is just an allegory or caricature even in the realm of particle phenomenology alone when disregarding dynamics: the reason is that even the simplest processes like beta decay of a neutron n → p + e − + µ e to a proton, electron, electron neutrino, or a pion decay π + = e + + µ e , where a meson decays into two leptons can not be explained by unit migration, recombination or meta commutation in H alone. Also, the way, how charge is defined below, no baryons do exist for which all three quarks have charge 2/3. This violates the existence of the ∆ ++ baryon. We believe however that the definition of charge given here can be modified to incorporate this. We have just chosen an algorithm (using Lipschitz or Hurwitz primes) which gives us a deterministic charge. There is no other reason why (2/3, 2/3, 2/3) charge triplets are excluded.
1.6. The picture drawn here is probably of little value for physics as the later by definition requires to be able to do quantitative predictions or quantitative verifications of experimentally observable processes. And the picture drawn here does neither. We feel however that the story is of mathematical interest and that it motivates to look more closely at higher arithmetic in H as well at the mathematical structure of standard model which appears to suffer from a lack of inevitability. While the standard model is one of the most successful physical theories with excellent match between experiment and model, the structure of the involved Lagrangians is complicated even if one looks at it from a non-commutative geometry point of view.
1.7. Affinities between mathematical structures and physical phenomena are sometimes useful, sometimes just amusing. Here is an example of the more amusing type [14] : when looking at the Rubik group, a finite group, there are permutations available when disassembling and recombining the actual cube which resemble quarks: turn a corner cube by 120 degrees for example. Rotating one corner and other corner in the opposite direction gives a quark-anti quark meson and this permutation is realizable. Turning three corners by 120 degree can physically be realized and resembles a baryon. Also this picture is useless for physics but it is of some value as it helps to learn more about the structure of that particular finite group.
1.8. The standard model does not answer why the number of generations of hadrons or leptons is limited to three or why the gauge groups are not unified to a larger group like SU (5) predicted by some grand unified theories. We have seen that H naturally features the gauge groups of the standard model, even so the SU (3) symmetry acts only by diffeomorphisms. The three generations can emerge naturally in a quaternion-valued quantum mechanics as we have to evolve waves in three different planes. Since the time scales in the different planes are in general different (as there is no reason why they should agree), a particle involving in a faster plane appears to be lighter. Better than imposing a wave evolution is to let the system just evolve freely in its isospectral set. Wave dynamics then emerges naturally [17] in the form of isospectral Lax deformations of exterior derivatives leading to three generations of geometries. As both leptons and hadrons move in at least one plane and more likely in 2 or 3 planes at the same time, the probability of having a light particles is larger. The heavier particles like the top quark are more rare. The neutrini in the intersection of these planes participate to any of three dynamics producing thought associations with the observed phenomenon of neutrino oscillations.
1.9. Number theory in H has started with Hurwitz [15] who built the setup and established some factorization features. The fundamental theorem of arithmetic in H was completed [3] . The fact that quaternions were an outcast in part of the 20th century can historically be traced to the success of vector calculus, especially as formulated by Gibbs and Wilson [13] , a book so successful that its content not only structured practically all modern calculus textbooks but also removed quaternions from the curricula. Quaternion calculus was still cultivated, like by the Swiss number theorist Rudolf Fueter who found a Cauchy integral theorem for quaternions (see [11, 12, 5] ). There is certainly much still to be explored. Only recently, the permutation structure of the meta-commutation in the prime factorization has been studied for the first time [2] .
2. The quaternion algebra 2.1. By the Hurwitz theorem [15] , the algebras R, C, H, O form a complete list of all normed division algebras. Related to the Hurwitz theorem is the Frobenius theorem [10] which tells that the only associative real division algebras are R, C, H and the Mazur theorem which assures that the only commutative Banach division algebras are R and C. The associative, algebraically complete division algebras are C and H. Algebraic completeness in H means that every polynomial i a i x i = 0 has a solution x [9] . Completeness in general fails: ix − xi + 1 = 0 has no solution (an example from [21] ) or have unexpected solution sets: x 2 = −1 has an entire 2-sphere as solutions and there are polynomials like f (x) = x 2 ixi+ix 2 ix−ixix 2 −xix 2 i for which H is the solution set (see [8] ). By choosing a basis, H contains three linearly independent complex sub-rings generated by 1 and a choice of spacial vectors (0, b, c, d) satisfying
2.2. It is natural to ask for a relation between the Frobenius and Hurwitz theorem. Note that the Frobenius theorem does not assume "normed" but makes an associativity assumption. But there seems no obvious link between the Frobenius and Hurwitz statements, as the class of "normed division algebras" and "division algebras" is different and associativity is quite a strong assumption. The question asks whether there could be dependencies between the proofs of the theorems. The answer is probably "no": going from Frobenius to Hurwitz requires to get rid of the attributes "associative, finite dimensional" and adding "normed" instead. 2.3. The lattice I of integers = integer quaternions is a maximal order in H, where the notion of order in non-commutative algebras has been defined by Emmy Noether: [20] : an order is just a subalgebra which is a lattice; it is maximal if it is not contained in a larger order. The Lipschitz integers in H form an order but only when adjoining the Hurwitz quaternions, one gets a maximal order. The lattice is also known as the densest lattice packing of H = R 4 by unit spheres, the integer quaternions are partitioned into two different type of integers, the Lipschitz quaternions and the 
The symmetric group V of permutations on {1, 2, 3, 4} acts on integer quaternions and leaves primes invariant. Also the group W generated by elements in V and the conjugation involution acts on P. The group W can not be realized within SU (3) but would need the larger group U (3) and wipe out the charge information.
2.4. Any positive definite quadratic form N in R n defines a lattice. In such a lattice, the form-primes are the integers for which N (z) is a rational prime. As Hurwitz showed in [15] , the primes in H are in oneto-one correspondence with the form-primes in R 4 . The quaternions are also unique among division algebras in that rational and arithmetic primes are the same. For Gaussian primes C for example, real primes p = 4k + 3, primes of norm 2 and primes of norm p which is a prime of the form p = 4k + 1 are distinguished. Also the quadratic form N (x, y) = x 2 + xy + y 2 on Eisenstein integers generates only most of the Eisenstein primes, the split ones. In that case, p = 3 are the ramified primes. The inert primes, the primes on the integer axes Z or wZ are not quadratic form primes among the Eisenstein integers, because there, the square root of N is prime and not the norm N .
2.5. A multiplication on H is defined by writing z = a+bi+cj+dk with space units i, j, k satisfying the Hamilton relations i 2 = j 2 = z 2 = ijk = −1 and extending this linearly. The spacial part is generated by the units i, j, k. Together with 1, they form a basis. While the quadratic equation x 2 = 1 has the only solution ±1 in H, the quadratic equation x 2 = −1 in H already has already infinitely many solutions (0, b, c, d) with
The rational unit 1 paired with one of the space units (0, b, c, d) forms a two-dimensional plane, which is also a complete sub-algebra isomorphic to C. Except for H itself, these complex planes are the only complete normed division sub-algebras of H. If we want the sub-algebra to have their integers as part of the integers in H, there are only three sub planes left and these are the ones generated by 1 and a choice of {i, j, k}.
2.6. If "geometry" is a geometric space with an exterior derivative d leading to Laplacian L = (d + d * ) 2 , we have wave dynamics or isospectral Lax deformations of the derivative d. Examples of geometries are compact Riemannian manifold or a finite simple graphs. If we look at the wave equation and want to be able to reach from a point x in the geometry to a point y, we need to use a complex variable. The wave equation
* on the orthogonal complement of the kernel and d is the exterior derivative. This can be written as a complex Schrödinger wave ψ(t) = e iDt ψ(0) with complex wave ψ(t) = u(t) − iD −1 u (t). Since complex sub-algebras exist in H, we also look at Gaussian primes. Real sub-algebras like R generated by 1 are not complete and some of their primes decay like p = 5 which decays into 1±2i. But primes which are initially in one of the three arithmetic complex wave subspaces, are also primes in H. 
The linear map
The observation which led us to write this down was that the SU (2) equivalence classes of these classes come now in groups of 2 or 3 for odd primes which looks like the meson and baryon structure for Hadrons.
3. Units and primes 3.1. We have seen that quaternions play a distinguished role among all algebraic structures: C and H are the only algebraically complete associative division algebras, and as H is the maximal one containing C as proper complete sub algebras: if X is a sub-algebra of H containing {0, 1}, then it must contain the real line R and the square root of −1. In H, any solution v of v 2 = −1 x is of the form (0, b, c, d) with
If it contains besides 1 and a solution to v 2 = −1 a third linearly independent element, then by Frobenius, X = H, as there is no other algebra between C and H.
3.2.
The algebra H has a natural representation in the algebra of complex 2 × 2 matrices: every z = (a, b, c, d) ∈ H defines a matrix A = aσ 0 + bσ 1 + cσ 2 + dσ 3 ∈ GL(2, C), where σ 0 = I and σ i are the Pauli matrices. Now A(z)A(w) = A(zw) and
The unit sphere in H is SU (2) which happens to be a Lie group. The normed division algebras C and H can be distinguished by the fact that their unit spheres are continuous Lie groups as this property eliminates both R and O. The only Lie groups which are spheres are S k for k = 0, 1, 3 and the only continuous ones are S k with k = 1, 3. (A short proof of that statement was sketched by [6] : if the Lie group G is Abelian then the Lie algebra must be R n so that it must be a universal cover of G. This only works if G is not simply connected, implying G = S 1 as this is the only not simply connected but connected sphere. If G is non-Abelian, define the 3-form t(x, y, z) = ([x, y], z) which by the non-Abelian assumption is not the zero form. One can show that it is left and right invariant and so closed but not exact, leading to a nontrivial cohomology H 3 (G). This forces G = S 3 as this is the only Euclidean sphere with non-vanishing H The Lipschitz units are permutations of (±1, 0, 0, 0), the Hurwitz integers are permutations of (±1, ±1, ±1, ±1)/2. The finite set U of units forms the binary tetrahedral group which can also be written as the special linear group SL(2, 3) over Z/(3Z). As quaternions can be represented as 2 × 2 matrices, U is also a discrete finite subgroup of the unitary group SU (2). (2) is also known as the compact symplectic group Sp(1) or the spin group Spin(3). The finite group U of units in H can be identified as the semi-direct product of the quaternion sub group Q built by the 8 Lipschitz units and the cyclic group Z 3 , generated by con- 
The group SU
jugation i → j → k → i. It is finitely presented satisfying (ab) 2 = a 3 = b 3 = 1
Prime factorization
4.1. While in C, all factorizations are equivalent, the structure is more interesting in the non-commutative quaternion case, where Conway and Smith finalized in [3] the factorization structure of I: it consists of unit migration, recombination and meta commutation. Recombination means to replace a pair zz in the prime factorization with an equivalent pair ww and move it to an other place. Lets look next a unit migration: 4.2. Given an integer quaternion z, the set of left conjugacy classes U z is different from the set of right equivalence classes zU . This means that if z is an integer and u is a unit, then uz can not be written as zv for a unit v in general. What happens is that that the entries get scrambled around. This can be realized using permutations, respectively using elements of the group action of U (3) on H.
Lemma 1 (Unit migration). For any unit u in H, there exists a permutation π of the four coordinates z = (a, b, c, d) and an other unit v such that for all z ∈ I the identity uz = π(zv) holds.
Proof. Since there are finitely many units, this can be checked case by case uz = π(vz). Here is the explicit list:
4.3. There are prime pairs which can be disappear and reappear anywhere as they temporarily become rational integers:
Lemma 2 (Recombination). A pair zz in the prime factorization can be moved anywhere and replaced with an other pair ww of the same norm.
Proof. A rational number commutes with any number and zz is a rational prime if z is a prime.
4.4. As Hurwitz already noticed, primes of norm 2 play a special role. As in the complex C case, all primes over the prime p = 2 are equivalent. They especially do not have any charge. Commuting with them does not change much of the quaternion. It only produces a rotation by 90 degrees in a two dimensional spacial sub plane (3 cases) or a rotation by 180 degree reflection. The situation is otherwise similar to the unit migration:
Lemma 3 (Prime 2 migration). For any prime p of norm 2, there is an other prime q of norm 2 and a rotation π in a two-dimensional sub plane such that pz = π(zq) for all z ∈ I.
Proof. Here are the 6 cases
4.5. The fundamental theorem of arithmetic in quaternions requires to understand what happens if two odd primes are switched. This process is called meta commutation:
Lemma 4 (Meta commutation). For any two primes z, w above p, q there is a permutation π of the p + 1 prime classes above p such that pq = qπ(p) modulo U .
Proof. The integers of norm 1 and 2 have already been dealt with. The permutation structure has been studied in [2] .
If we use two U -equivalent primes p, w in the factorization, then the Moebius function µ(z) is zero.
4.6.
Here is fundamental theorem of arithmetic for the complete associative maximal normed division algebra:
Theorem 1 (Conway-Smith). Up to unit migration, recombination and meta-commutation, the factorization of a quaternion integer into primes is unique.
Proof. If the order of the primes is given, we have uniqueness up to unit migration. Meta commutation takes care of the rest. See [3] . 
In order that we are in Q, we need to satisfy in each case 4 inequalities simultaneously. Its possible for example in the last entry if a > b+c+d or in the entry (a
There are again conditions for which this works like in the last case, if a dominates. Depending on whether we are in a class already covered in 2uz, we have now equivalence classes with 2 entries {z, uz} or equivalence classes with three entries {z, uz, zv}. There are no other cases as from the list of 256 entries uzv (a list we omit), we are either equivalent to z or not in Q.
In the meson case, one of the entries is always zero. If two entries are zero like (a, 0, c, 0), the partner must be conjugated by a Hurwitz unit and is then of the form (a , a , c , c ).
Charge functional
5.1. On Z where the set of rational primes {2, 3, 5 . . . } are the fundamental building blocks, there is a natural multiplicative charge, the Möbius function µ(x). For complex primes, we can define a charge by looking at the sign of the imaginary part when the argument is gauged to be in (−π/4, π/4). The prime 2 + i for example has charge 1 while the prime 2 − i has charge −1. The prime 1 + i has zero charge as 1 + i is conjugated to 1 − i. For integers in C it an be enhanced by defining c(x) as µ(N (x))(−1) n(x) , where N (x) is the arithmetic norm and n(x) is the number of negatively charged primes in the factorization. Also this is a multiplicative function.
5.2.
We can also define a charge function on the set I * of non-zero quaternion integers which are square free. We only take square free integers because quarks are fermions. Here is a preliminary definition: lets assume that charge is a function c : I * → R satisfying: a) c(zw) = c(z) + c(w) for non-units, b) c(z) = −c(z), c) c(z) = c(z ) if z = π(z) with π ∈ V , d) primes which are W -equivalent but not Vequivalent have opposite charge, e) If a Lipschitz prime is U -equivalent to a Hurwitz prime, the absolute charge of the Lipschitz prime is not smaller than the Hurwitz prime, f) The sum of the charges of elements in a U -equivalence class is an integer, g) c is positive on the positive quadrant, and h) c is the smallest function of this kind.
5.3.
A charge for units could be defined by c(w) − c(z) if w = uz, but this needs independence of w, z. A direct definition of charge for units does not work as u 3 = 1 and c(1) = 0 would imply c(u) = 0. For example, the unit a = (1, 1, 1, 1 )/2 has the property a 3 = −1 and −1 has charge 0. If the multiplicative nature would be extended to this, the unit would have charge 0.
5.4.
There is only one charge function: existence is shown by construction. Because it takes the value 1 for some equivalence classes, there can not be any smaller one. To get uniqueness, we can restrict to primes by property a). For the equivalence classes with one element, we have either units or prime 2. Since conjugation leaves a prime 2 invariant, this must have charge 0. Lets look at the equivalence classes with one Lipschitz and one Hurwitz prime. If the two have opposite charge, then we get a 2/3, −2/3 or 1/3, −1/3 pair. If not, we get a 2/3, 1/3 pair. In an equivalence class with one Lipschitz and two Hurwitz primes, we have either the Lipschitz one equivalent to one of the Hurwitz, which gives 2/3, 2/3, −1/3 or then the two Hurwitz equivalent, which gives 2/3, −1/3, −1/3. 5.5. Now we an extend the charge function C from primes to equivalence classes of primes. This can be done by adding up the charges of the elements of the equivalence class C(z) = w∼z c(w). This is motivated as follows. We look at a factorization into equivalence classes. Then we sum over all possible paths of factorizations, we get for each Hadron an integer charge, even so the charge of an individual quark is a fraction, a probability of hitting that particular quark. By definition, this is now an integer-valued function on equivalence classes of primes.
5.
6. An other natural functional, additive with respect to the multiplication is the logarithm of the norm. We could abstractly define mass as a function m : I → R satisfying: a) m(zw) = m(z) + m(w), b) m(z) ≥ 0, c) m(z) = 0 if and only if z is a unit, d) e m(z) takes integer values on integers, e) m is the smallest function of this kind. and show that there is only one mass function on I * , the function m(z) = log(N (z)). Whether "mass" is a good name for such a functional will become only clear when looking at solutions of wave equations.
6. Leptons 6.1. We think of a square-free Gaussian integer as a collection of leptons, where the individual Gaussian prime equivalence classes are indecomposable Fermions. A prime z of type 4k + 1 together with an opposite charged particle z forms an electron-positron pair. We gauge the integers with units U = {1, i, −1, −i} to be in the sector π/2 < arg(z) ≤ π/2. The charge of a lepton z is then defined as the sign of the argument of z in the branch (−π, π). We think of the logarithm of the norm N (z) or |z| as mass, whatever is prime. A rational positive prime 4k + 3 plays the role of a neutrino. It is lighter because its momentum |z| is prime while for 4k + 1 primes which are electrons or positrons, the energy N (z) is prime. A neutrino is neutral as it is located on the real axes. The largest known prime for example is a Mersenne prime and so a neutrino.
6.2. An integer n = p 1 . . . p k is a lepton configuration. The fact that the Gaussian primes form a unique factorization domain translates into the statement that any lepton configuration can be decomposed uniquely into such leptons as well as a bunch of neutral mystery particle 2 which is its own anti-particle. The uniqueness holds only modulo gauge transformations which act here as multiplications by units. We will see that in the Quaternion case, this fact is no more the case, because that is, where the Hadrons will come in explaining why quarks form baryons and mesons. The electron-positron pair is not bound together: there is no unit which maps one into the other. Factoring out the symmetry of units renders the factorization unique. The product (−3)(−7) for example is gauge equivalent to the product 3 · 7. Let us now move from primes to rational integers and call a rational integer n ∈ Z a Boson configuration if it contains an even number of Fermionic prime factors counted with multiplicity, otherwise it is a Fermion.
6.3. Mathematically one could declare a natural number n ∈ N to be a Fermion if its Jacobi symbol (−1|n) = −1 n is −1. Otherwise, if (−1|p) = 1, it is a Boson. The Gauss law of quadratic reciprocity tells now that two odd primes p, q satisfy the commutation relations (p|q) = (q|p) if at least one of them is a Boson and that the anticommutation relation (p|q) = −(q|p) hold exactly if both primes p, q are Fermions. In other words, if we look at the Jacobi symbol as an operator p · q, then Bosons commute with everything else, but the sign changes, if we switch two Fermions. 6.4. The two square theorem of Fermat telling that an integer n can be represented as a 2 + b 2 if and only if n is a Bosonic integer can be interpreted as the fact that a Bosonic rational prime is actually composed of two leptons a + ib, a − ib, where a 2 + b 2 = p. The positron and electron are anti-particles of each other, but they are not equivalent, since there is no gauge from one to the other. If we factor out the gauge symmetries given by the units, then the factorization aka particle decomposition of the lepton set is unique. This is the fundamental theorem of arithmetic for Gaussian integers. It can be proven from the rational case using the 1 − 1 identification of C/D 4 with the set of rational primes.
6.5. The Pauli exclusion principle is encoded in the form of the Moebius function µ G (n) which is equal to 1 if a Gaussian integer n is the product of an even number of different Gaussian primes, and −1 if it is the product of an odd number of different Gaussian primes and 0, if it contains two identical particles. Again this particle allegory is already useful as a mnemonic to remember theorems like the two square theorem, or the quadratic reciprocity theorem: "Quadratic Reciprocity means that only Fermion primes anti-commute (p|q) = −(q|p). Fermat's two square theorem assures that Bosonic rational primes p = a 2 + b 2 are composed of two Gaussian primes a ± ib. The others are all real, light and neutral." 7. Hadrons 7.1. Hadrons are quaternion prime equivalence classes z with norm N (z) different from 2. The prime 2 is special also in quaternions: as Hurwitz already showed one can despite non-commutativity place the factors 2 outside: every integer quaternion z is of the form z = (1 + i) r b where w is an odd integer quaternion. There are two symmetry groups acting on hadrons. One is the group U of units, the other is the group V generated by coordinate permutations and conjugation. The group U has 24, the group V has 48 elements. The groups are no more contained in each other like in the complex case, where U = Z 4 was a subgroup of V = D 4 .
7.2. If we look at the U -equivalence classes first and then look at the orbits of V , we see that some particles are fixed under V or then that they come in pairs. We will interpret this as particle anti-particle pairs. We can however also look at the V equivalence classes first and then look at the orbits of U , then we see 1 or 2 or 3 particles combined. This is remarkable. Lets repeat the statement: the SU (3) equivalence classes of primes of positive charge are given by elements for which all coordinates are non-negative. If we call two such particles z, w ∈ SU (2) equivalent if there exists a unit in H such that z = uw, then there are three type of equivalence classes: if N (z) = 2, then there is one equivalence class. If z is a unramified prime, then there are two cases: either there are two elements in each U equivalence class or three elements in each U -equivalence class. So, it is important first to look at the "strong equivalence classes", then classify them according to "weak equivalence". If we would look at "weak equivalence classes" first, then classify according to "strong equivalence", then we would get in the unramified case only two types. They tell the sign of the charge.
7.3.
A hadron is a quaternion prime equivalence class which contains more than one prime. As a matter of fact, each hadron to an odd prime p consists either of two or three quarks. Quarks can be either Lipschitz or Hurwitz primes. The Lagrange four square theorem assures that there are no neutrini type particles among Hadrons: particles for which three coordinates are zero. So, we can think of odd quaternion primes as quarks which form equivalence classes in the form of baryons or mesons. The conjugate quaternion is the anti particle. This is a probabilistic picture: take an integer n ∈ I ⊂ H. Look at all possible prime factorizations of n. We can look at such a factorization also modulo units meaning to look at equivalence classes. If we fix the order of the equivalence classes, then we see an ordered sequence of mesons (equivalence classes with two primes), baryons (equivalence classes with three primes) and bosons related to 2 (equivalence classes with one prime). The latest primes can be moved anywhere without producing other changes as switching it with an other prime only produces a slight gauge transformation. Switching the order of two other classes however can change the nature of the particles. 7.4. As can be seen from the Hurwitz factorization theorem which shows that in such a factorization, one can avoid have factors zz near each other. The allegory is that they would "annihilate" into energy and re-emerge as particles. Going from one factorization to an other is a rather complex interaction process changing the nature of some baryons involving gauge bosons. It does certainly not match with all particle processes as the number of primes in a factorization of z is constant among all factorizations. This could just be the limit of particle phenomenology alone. The true nature of physics only comes with dynamics. 7.5. Baryons are Fermions and mesons are Bosons. Like in the complex case, we have a mystery p = 2 case, which has only one equivalence class. Lets call it the 2 particle even so we would like to associate it with something real. Closest to mind comes "Higgs" which is neutral, light, its own anti-particle and can gives more mass to other particles. Here it does so by multiplying with an other integer. 7.7. Now lets look at a meson (pq) containing a Lipschitz prime p and Hurwitz prime q. Since p and q are equivalent in U , there exists a permutation, possibly with a conjugation, such that p is gauge equivalent to q. If a conjugation is involved, then p and q have the same sign of charge, otherwise opposite. Lets postulate that the charge of a Lipschitz quark is 2/3. Since we have identified modulo V we can assume that it is positive. In the meson case, the charge of the other particle is 1/3 if it has the same charge and −2/3 if it has opposite charge.
7.8. In the baryon case, if the two other quarks have the same charge sign, they have charge −1/3. If one has the same charge than the Lipschitz one, then both have charge 2/3 and the other −1/3. The charge of an equivalence class is the sum of the charges. We have now assigned a charge in a gauge invariant way: a Lipschitz quark (a, b, c, d) has charge +2/3 if a ≤ b ≤ c ≤ d and −2/3 if it is obtained from that by switching two coordinates. The structure of the equivalence classes assures a compatible choice so that the total charge is an integer.
7.9. In the meson case, we observe that one of the Lipschitz primes is located on the three or two dimensional coordinate plane. If a coordinate is zero, then we can not perform all flipping operations and we have to see whether we have to flip it in the Gaussian sub-plane. In this picture, all Hadrons have charge 0, −1, 1. There are no Hadrons of charge 2. Particle physicists mention beta uuu-hadrons detected in experiments. Also exotic 4 and 5 quark matter consisting of more than 3 quarks has been detected. It is likely just an analogue of 6 quark state which is known under the name "Deuterium". But the quarks are the not "in one bag". Its more like that a neutron and proton glued together by strong forces.
7.10. The non-uniqueness of prime factorization allows to see the transition from one to an other factorization as a particle process. It involves the gauge bosons. It only becomes only unique modulo unit migration and recombination. (see [3] ). This means that if x is a quaternion integer and N (x) = p 1 . . . p n then x = (P 1 u 1 )(u
n−1 P n ), where the u j are units and P i are Hurwitz primes. In other words, the factorization becomes unique if we look at it on the meson/baryon scale but it depends on the order. It becomes unique when including metacommutation: the prime factorization of a nonzero Hurwitz integer is unique up to meta-commutation, unit migration and recombination, the process of replacing P P with QQ if P, Q have the same norm.
7.11. The p = 2 is special (1, 1, 0, 0) and not included in the above remarks. It is neutral and equivalent to its anti-particle. It is "Higgs like", as in the lepton case and we can not place it yet. Also, we like to think about a situation, where space is actually a dyadic group of integers (a much more natural space as it is compact, features a smallest translation), here scaling by a factor 2 is a symmetry and multiplication by 2 makes the grid finer (making the 2-adic norm small). The mechanism of mass can anyway only be understood when looking at dynamical setups, where particles travel. When looking at wave equations in dyadic groups, the multiplication by 2 plays a special role and it can slow down particles, similar as mass does. We are able to attach to any prime a collection of baryons, for which the charges is determined. 7.14. A square free integer is a collection of Fermi particles. A given factorization is a particular particle configuration. Going from one factorization to an other is an interaction process which invokes exchange of vector bosons and where particles change nature. Say, if z is a baryon and w a meson, then z and w can represent a meson-baryon pair. 
Remarks and questions

Related ideas.
In 1952, Paul Kustaanheimo [19] explored the idea to do physics over a finite field K rather than over the real or complex numbers. He mused about the size of the size of the prime. The situation is different however in that the approach is to take the integers in H are the central point. We also should mention that particle phenomenology in division algebras has been worked on before, like in [7] . The octonions could play an important role too but their combinatorics is more complicated as there are three type of primes: Gravesian integers (a, b, c, d, e, f, g) which play the role of the Lipschitz primes in the Hurwitz case, the Kleinian integers (a, b, c, d, e, f, g) + (1, 1, 1, 1, 1, 1, 1, 1)/2 which play the role of the Hurwitz primes in H. Then there are the Kirmse integers which includes elements for which 4 of the entries are half integers. Eight maximal orders have been identified by Kirmse [16] , a miscount which was later corrected by Coxeter to seven [4] ).
Quaternion valued waves.
We have seen that any C-valued quantum evolution extends to an evolution of quaternion valued fields when seeing the evolution on C 3 three complex planes but then merge things in a common real line. It would be useful to explore this more systematically. The physics in Division algebras is any new [1, 7] . One certainly also has to consider the possibility of octonion valued fields. We currently feel that the non-associativity in O makes that algebra more difficult to use in a quantum mechanics frame work similarly as number theory is more difficult. But again, the Frobenius-Hurwitz theorem makes division algebras so special that it is only natural to consider them. Particle physics today is in an interesting stage, as some urgent questions are open. Are there more than three different flavors, are there larger symmetries like SU (5) or will completely different approaches prevail and replace the standard model? The structure outlined here hints that the answer could be "no" in all three cases.
8.3. Stability of neutrini. If a + ib or a + jb or a + kb is a Gaussian prime for which a 2 + b 2 is prime then it is also a Lipschitz prime in H. While C contains also "light primes" like z = 3, primes for which N (z) is prime, within H: the initial inert prime p = 3 would decay 3 = (3, 0, 0, 0) = (1, −1, 0, −1)(1, 1, 0, 1). The particle (1, 1, 0, 1) is equivalent to (1, 1, 3, 1)/2 so that it is a meson. Why does (3, 0, 0, 0) not decay but the prime 5 = (1, 2, 0, 0)(1, −2, 0, 0) does decay into an electron-positron pair? One possibility to explain this is that (3, 0, 0, 0) is a different particle, evolving in a complex plane rather than the meson pair (1, −1, 0, −1), (1, 1, 0, 1) which evolves in the full algebra H. However, here the stretch of the analogy becomes apparent already.
8.4.
Tetra and Penta quarks. Tetra quarks and Penta quark matter seem have been confirmed by now. Examples of such events were X(3872), X(4140). In one interpretation, these states of matter so special and are just pairs of mesons similarly as the deuterium nucleus is a familiar 6 quark state and the tritium nucleus a 9 quark state. Four and five quark states exotic because they are unusual mesons configurations which seem just be more rare. It is not necessary that a 4 quark state contains all the quarks together in the same way as in say the proton or neutron case. A deuterium is a 6 quark state, but the quarks are not glued as fundamentally as in a baryon. A baryon can only be separated by combining it with other particles, while a Deuterium boson can be split into a neutron and proton, which are both Fermions.
8.5. Number of electrons and neutrinos. We know that there are about an equal amount of (4k + 1)-than (4k − 1)-primes, with a slight Chebyshev bias for smaller numbers. But we estimate about 1 billion times more neutrini than electron-positron pairs in the universe. How come? Let us assume the number of particles in the universe is finite. As there are infinitely many primes we have to assume we impose some Kustaanheimo threshold [19] number and look only at primes below that number and take this as a measure for the number of particles. If we count also the virtual electron-positron pairs which quantum field theory predicts and leads to manifestation like the Casimir effect. Using virtual particles one could imagine the two particle classes to have similar amount of elements.
8.6. Light neutrini. We know that neutrini are much lighter than electrons. The neutrino mass is about 0.33 eV which is about 5·10 −37 kg. The mass of an electron is about 10 − 30kg. Current physics does not even tell how neutrinos acquire mass. The current understanding is that is that it does not happen through the Higgs mechanism. That would be compatible with the fact that it is simply related to the amplitude of the wave. Primes with larger norm have more mass. This is not unnatural since this is a dynamical mass interpretation. In number theory, there is a difference in the amplitudes: the real inert Gaussian primes z have prime N (z) while the split Gaussian primes z have prime N (z). For example z = 3 is a inert prime wile 2 + i is a split prime. If we look at N (z) as a measure for mass, then N (z) is not prime for a real Gaussian prime. It is the square root of N (z) which is prime. If there should be any relation with N (z) and mass and the mass relation measured is considered, this suggests that N (z) ∼ 10 7 for primes modeling particles. By Hurwitz, on a sphere N (z) = 10 14 this N (z) + 1 is also the number of different prime equivalence classes on such a sphere. There is no relation with [19] since the later takes the more radical approach replacing the field C with a finite field. 8.7. The unramified primes. The prime p = 2 is special. When looking for analogies, it comes closest to the Higgs particle. The reason is that this particle is conjugate to its own anti-particle and therefore has no charge. The Higgs is a Boson unlike the neutral neutrini. What is the difference? One could try the picture that 2 is actually equivalent to a pair of Fermions zz of norm 2, where z and z are conjugated. Ramified as such, the two Fermions z, z are identified so that it becomes elementary and a Boson. For the other primes like 3, there is no such factorization. For 5 the factorization 5 = (2 + i)(2 − i) splits into two charged particles which are not equivalent. The commutation statistics for p = 2 is described by the second supplement of quadratic reciprocity: (2|p) = (p|2) for primes of the form 8k ± 1 and (2|p) = −(p|2) for the rest of odd primes. We can remember this as follows: while neutrini do not interact with electrons nor positrons, the prime 2 interacts with both types. with neutrini. Indeed, by the first supplement of quadratic reciprocity, we have (−1|p) = 1 for electron for positrons primes but (−1|p) = −1 for neutrini primes: there is no solution to x 2 = i 2 modulo p if p is a neutrino prime but there is a solution x to x 2 = i 2 modulo p if p is a charged lepton. All photons are gauge equivalent so that there is only one kind of a photon. A photon has zero charge as it is equivalent to the real element 1. 8.9. Seduced by analogies. To the end, one has to caution: tales like Eddington explaining the fine structure constant by numerology or Kepler obsessed with his Harmonices Mundi matching planetary motion with Platonic solids or the Thomson-Tait approach to explain the chemical elements using knots, show that analogies do not always go well, even if done by eminent scientists. As an amusing illustration, in some online forum, a user discovered that the natural numbers N, the complex numbers C, the quaternions H and the octonions O are curiously linked to the basic constituents of organic matter like nitrogen N , carbon C, hydrogen H and oxygen O. This silly coincidence illustrates how scientific brains like to build connections and if necessary, bend things, if a match is not complete. While the allegory spun here could be of similar type, there is interesting combinatorics to be explored, as the figures below illustrate. How many different baryons are there for a given prime? How many are there of each type? Is there a more natural way to associate charge to the quarks by looking at all possible factorizations. What exactly happens to the equivalence classes during meta commutation? 9. 
11 Figure 2 . Hadrons with charges. 
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